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§1. Introduction. In this lecture I wish to consider the modular func-
tion J(T) and the modular forms g = &(wq, W), g = 33(u31,bd2),
[3=z§(cu1,u12) from a point of view different from the usual one., Here
and in the sequel by Waq, W o, T are meant complex variables, subject to
the relations

W
(1.1) Wy £ 0, Ly £ 0, ’U:-LU;-, In T > 0,

whereas g, 83 A\ are understood to be defined by

/
1
g, = g (W, ,W,) = 60
2 2 1 2 Z(m(,«)1+nw2)4

13
1
g (W4 ,Ws) =140
3 e zzj(mtu1+nudg)6

(1.2) 53

A= Aw,,wy) = &-274,
the summation being extended over all pairs of integers (m,n) # (0,0).
In the theory of elementary modular forms verious relations and proper-
ties for nggés A and other modular forms are proved, For instance the
form A possesses the remarkable property, that it can be expanded as the
following infinite product

00
(1.3 A= EZR T (2, r o 27T,
2 n=1

the infinite product converges absolutely, since by (1.1) we have I=1<1,
In the classical presentation of the theory to a high degree use is made
of elliptic functions.

In order to illustrate this mode of procedure by a (rather important)
example, I sketch a possible classical proof of (1.3). The elliptic func-

tion

_ 1 ' 1 _ 1
P(w) 2 +Z{(u—mw1-nw2)2 (mw1+nw2)2}

satisfies the differential equation

{Zr:"(u)}z = 47°(0) - grpu) - &
If we put W3 = -Wqy-Wy, JO(%CUi) = e, (i=1,2,3), then the zeros of
'(u) in the fundamental period parallelogram of )o(u), j'(u) are given
by u = %oji (i = 1,2,3) and the values ey, ey, ey of Zo(u) are assumec
only in the points 3W,, FW,, %LUB respectively. So the numbers e, €y,
e3 are different; furthermore they are zeros of the cublc 4z -gzz-g3.

The discriminant of this cubic form is egual to g%-??g% =/\, yielding

5

[ =



o . v 2

A = 16{(81—62)(82-63)(63—61); .

(Hence:ﬁ £ 0 for any admissable choice of u)1,602). A further step in
the proof consists in considering the function

u N G
/ mw,+n w ' 2
_ _ u 1 2 2(nwynw,) }
O’(u) = U.TT{('] m)e ' 1 2 ’
related to JO(u) by the formule

2

d

— logo(u) = Jo(u);

du jO ’

furthermore, in view of the periodicity properties of jm(u), one finds

M (urg wy)

O (utw,) = -e O(u) (i=1,2),

where 421,ﬂ22 are certain constants. Hence the function
2
q22u .U
~Te, *TH o,
e o (u)

is left invariant under the transformation u— utWo,, so is a one-valued
271
function s(t) of t = ¢ 2. Reguarding also the behaviour under the

w

2771 LO1
transformation u— u+w,, i.e. t—e 2t = rt, one finds that the
zeros of s(t) are given by t = r° (n = 0,+1,+#2,...) and also that s(t)

is given by the infinite product

70% (1=tr™) (1-t""2P)

n=1 (1-27)°

Another property of the function 7 (u) is the fact, that
_ O (utv) T (u-v)

oé(w) o?(v) |
in view of the behaviour of ¥ (u) under the above mentioned transforma-
tions, is an elliptic function in each of the variables u, vy in fact
this function is equal to
7w = olv).

Noting the relation j@(%ﬁwi)—ao(%(dj) = ej-e; We are now able to express
AN as a fraction, both terms of which are finite products of certain va-
lues of O'(u), such as CT(%QJ1), cr(%ﬁug), (T(%%02+%L03), ete, Putting
e 1T 2 q, implying q2 = 1, these values correspond with t = q,1,q_1,etc.
Carrying out carefully the calculations the result turns out to be asto-
nishing simple; in fact we find the above formula (1.3).

It is desirable to have a more natural proof of (1.3) and more gene-
rally a more satisfactory approach to the theory of modular forms without

long digressions about functions which, as to their nature and general

&)2
S(t) = - 2——77—{(1-'t)

*

properties, have little to do with modular forms., In the following I shall
avoid completely the use of elliptic functions. Even the fact, that

A = gg~27g§ is a non-vanishing function, shall be proved in an entirely
different way. Of course I need a starting-point; as such I chose the
theory of theta series, these functions showing themselves modular prope

e A =Y WU




In § 2 the transformation formulae for theta functions are deduced
and the well known expansions in infinite products are given. Here the
calculation of the factor C = C(T), leading f.i. to a simple proof of
the formula

® 00
)}1 (‘1--xn)3 =Z_. (—1)n(2n+1)x%n(n+1),
n= n=0

is performed in a direct way. Thereafter two functions f,(7), h(T),
closely related to €5 A , are constructed by means of theta series.

In the next section the modular group is introduced in a geometrical
way. The definition and some well known theorems on modular forms and
functions are given, e.g. concerning the class of integral modular forms
of a given negative dimension; the modular invariant J(T) is defined in
terms of fQ(T)., h(z).

In §4 I establish the connection between Eisenstein series, especial-
ly G2 and C—3, and modular forms, by means of the theorems proved in § 3.

A generating function for Eisenstein series is found in log 79%1 (z17T).

2. Theta series,

Let 2z and T be complex variables with Im 7T > 0. Then we define
+00
2

2Pz |T) = Z: e71iTn

N=-0
and more generally for arbitrary integers g, h

eQW’izn

+00
. 2 .
< 1 1
n=-00
The series (2.1) is absolutely convergent on account of Im T > O.

Evidently we have the relation

(2.2) Vror oy (2 1T) = (D™ (2 17)  (x,5 integers),

showing that there are essentially only four theta functions, namely
’/f’oo(z IT), ﬂ’o,](z lT), ’)9?10(2 i), 7}11(2 [T). The different theta func-—
tions are related to each other by the following formula, which is an im-—
mediate consequence of the definition (2.1),
. . 2 .
277igh ~277iTtn® _~-7izm (zlT).
i i -
(2.3) /ﬁ“gh(g+gmf+21|T) = e® e * e m, 1
Of great importance for our purpose are the transformation formulae

referring to the variable T

(2.4) ’7%}1(2‘7,'#!) = e—‘l’:ﬁigz?ﬁj&g_i_hﬂ(zl’(:)

77 1%
(2.5) #gh(?f]- 1) = \/-iT e~E 7 1eh e_—%‘_—?}’hg(zl’t’),
where Re( \/~i7T ) is taken positive.

The first formula is verified at once. As to the second, in virtue

of Poisson's summation formula
+®

+to o+
Z:f(n) = Z: ﬁeZWim{ f(x)ax,

Il=~00 N=~ =0




we deduce

V|- 2 =

&

+
8
+
8

Trl( 172 Z(X'l'%g)
. . ~-=(x+3g) 27i= |
eZTr:Lnx eTrlhx o T o T dx =

- Z%ZL. {( X+3g) 2~2z(x+%g) -2 (n+3hkxt }
dx =

X
.

e

e-—?Tig(n+—%—h) Ve e." ?{(X“‘%g) "Z"(n*%h)’c}g e+ Z—f;-:-L- z+(n+%h)z}gdx=

1

G
B,

T

==00
71,2 +0 5 ..Z’..
- o~37igh T S (=1)8 o 7it (n+sh) 2wlz(n+%h)/ dx=
n=-00

Wl 2

- Var e A L2 17).

A consequence of (2.3) is the fact that ’ﬂ’gh(z |T) is a quasi-perio-
diec function in 2z with periods 1,7T

Vi (z+11T) = (-DEFy (21T,
G2l T) = (=P T 2 (2] T),

Hence, integrating in the positive sense along the sides of a parallelo-
gram 77 with vertices G ,T +1 §+1+’C C+T, where§ is chosen in the
z-plane in such a way that ’29’ (z IT) # 0 on the boundary of 77 and deno-
ting differentiation with respect to z by n'", we find

7% o, (217) 2 (2T 1T) Y, (217)
?771/ ﬁ»gi(zl‘l:) 2 /{ y,gh(ZH.’IT) #i(z,'t) }dz +
r

e G (z+lT) B (zl7)
1 hn gh
+ ﬁig/{ Fon(ZTE] ~ (z»r)}dz =T

Henceforth the function ??’gh(zl’c) possesses exactly one zero in 77 .

i

. Now we direct our attention especially towards the function 7}'01(21’5).
Clearly we have ’1961 (3T!T) = 0, So the zeros of ’29701(211:) are given by
m+(n+3)T with m,n = 0,+1,+2,..., This leads to the consideration of the
(absolutely convergen‘b) infinite product

50(2 ) = ﬁ(1 e2771‘t(n—2) ZTT:LZ)(.] eznlf(n_;) _2.,,-,12)

this product represen’clng a function with the same zeros. The quotient
1;75’7 1(zl7:) {Ja(z ’Z‘)l -1 is an analytic function. Moreover, as is easily
verlfled this quotlent is left invariant under the transformations
‘z—y z+1 and z—> z+ 7. Hence it only depends on T . This means that there
exists a function C(T), such that

00)
. . . —l' s
(2.6) Poq(zlr) = (@) [T (1-e27HT(R=2) 2712 (1_27iT(n-3) ;-2Tiz),
or putting emt = q,

I

o)
c(T) 77_( 1 —2q2n—1 cos 277 z+q4n-2) .
n=1

We proceed to determine the factor C(T). Each function ﬁgh(zl’c) sa-
tisfies the differential equation ‘

(2.7) V2, (21T)

i



J_ ek
52 P (217) = by S Upalelo.

2n-1

So in particular we find, in view of —53—5(1-2(1 4n-2)z=0 = 0,

cos 27 z+g

92 |
1og7ﬁ’ (0l7) = o [ ! ?9701@:1)]2:0 -

4771 ?}»O.l(z"c) aZE
m y
_ 1{1: +8772q2n"1cos 2Tz } _
47T1_n= 1—2q2n4 cos 27Tz+q4n"2 2=0

@ 2n-1
= <2771 2:1 ————%——1—”_ ) =

(1-q

2
=-2771Z;—-9-—2+2mz:(—1-—?n—)7.

(1-q
By the last formula already C(T) is determined. In order to find a neat
expression we proceed as follows. On account of

.3
X
2 nx® = — (Ixl< 1)
n=1 (1-x)
we deduce o N © © o 0 .
S nx mn m\n X
/ = 2 2 nx - = z z n(x")" = 2 —.
n=1 1-x* 7=1 m=1 m=1 n=1 =1 (1-x%)

Hence we find
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logv (1-
q

Since for ¢ —0, i.e. T — i, by (2.1) the function ’ﬁ’m(oft) tends to

1, we may conclude

b 00 ®
Y (olt) = o) T (1-g"21)2 - T 1—3%
n= n= -q
hence ® o)
o(z) = 77{“"1n)2 1 - 77{“ W 2n>2} :
-1 1__an -(1_q2n-1)2 n=1 QL21’1 1__qn
S0 we have l00)
(2.8) o(T) = (1-¢°1y,
n=1
m . -
(2.9) 79, J(zlt) = 7T1{(1_q2n)(1_q2n~1ezvlz)(1_q2n-1e-2v1z)
n=
Applying (2.3) with g =0, h =13y m =1, n = 0, we deduce
7961(%%15!‘5) - eTiTAT e'vizﬁ%(zh),
fo e}
| 79711<Z'rc-) = q%ewlz 77;{(1__(121’1)(1_QZnGQTle)(1__q2n-26-2ﬂlz)}:
: n=
(2.10)

00
- q‘i( e’ﬂlz__e-ﬂlz) 77; {( ] _‘an) (1_q2n92ﬂlz) (1_q2ne-—27hz§'
n=

Applying (2.3) with g =0, h=1andim=0, n==-lTorm=1, n=-1,



we find in the same way
00

(2,11) 2960(2'1) :‘77;{(1_q2n)(1+q2n-1e2ﬁiz)(1+q2n-1e—2ﬁiz§
N=
m N N .
(2'12) ?}qo(z‘.?) - q%(eviz+e—Wiz)77;{(1_q2n)(1+q2n627712)(1+q2ne-2nz)}‘
n=

Some well known formulae are an easy consequence of our consildera-—
tions, First we have, by (2.10) and (2.1) respectively,

(0 0]
79;'1(olt) = 27Tiq% // (1-g°T)3
n="1

and 3 o8 112
79’{1(0'7-—) = -B-Z-Lzl;:o(—'l)n q(n+2) 2 sin(27 z(n+3) ):!Z'-:O =
0
= 2TTiq%}Z:;(—1)n(2n+1)qn(n+1),
yielding n=

(0] ;
(2.13) 77’1<1-q2n>3=Zi<—1>n<zn+1)qn(n+”. (lgl<1)
n= n=

Secondly by (2,9), (2.11), (2,.12) we have

27 (olr) T3, (o17) o5 (01T) =
(00)

2% TT{(1-a%) (1-a""") (107 (1+a** N1 149272} -
n=

oY @
1 _ 1
= 29% T {(1-4"%)3(1-"" 1>2(1+ofl>2} = 2q* [] (1-4"™)3,
n=1 n=1
since 00 on

0 ' _ 1. n _
T[{0-aD (g™} = TT (1= = } = 1

n=1 n=1\{1-q

i

so we find

(2.14) 7}’1'1(ol7:) =771 Oo(olf) 79’01<olr) ﬁ;o(olt).

We are now in a position to comnstruct two functions which are of the
utmost importance for our further treatment. Since from now on we need
theta functions only with z = 0, for brevity we put

y

(2.15) (0l = Fyy(v) (g,h = 0,05 0,15 1,05 1,1).
We define

(2.16)  24£,(7) = P50+ 88, (1) + 8 (¥)

(2.17)  256n(z) = B3,(D)#5; (1), (o).

The behaviour of the functions fgkr), h (T) under the transformations
T =T +1 and.1r—4‘—;% easily can be deduced from the formulae (2.4),
(2.5), (2.2), For we have

Do) = U, (@) - = VT (o)
Wy T+1) = 1P (T) P (- 1) = VT V(@)
Dottt = e () Y- D) = VT (o).

- Hence we find
(2.18)  £y(ee1) = 2p(),  £,(- 1) = Thep(R),



(2.19) n(t+1) = h(r), n(- %—) = 7'%n(7).

Finally, inspecting the proof of (2,14), we find for h(r) the follo-
wing infinite product

: 0
(2.20) n(t) = q° 77;(1-«:12”)24 (q = 7Ty,
N=

This shows that h(T) is a regular function, different from zero for
finite T .

3. The modular group. Modular forms,
Let W4, W, be two complex numbers with

W
(3.1) Wy £0, W, £o0, Imm—;->0.

Plotting down the numbers in the complex plane, the numbers mw1+nw2
(m,n integers) form a lattice, /\ say, for which Wy, W, constitute a basis.

Let w], W) be two complex numbers with ()] £ 0, wi £ 0,
Inwj}/s > O, which generate the same lattice /\ ., Then, since Wy, wi
themselves are lattice points, we can write

W] = WA, wh = wrduw,,

where X ,ﬁ, %, cf are integers, On the other hand, since w%,wé generate
the lattice y Wy and w2 are expressible in terms of u){ and wé in
an analoguous manner, So we have 5-/3/: +13 the minus sign can be re-
jected on account of Im w.,/(,()z, Im w{/wé > 0,

The transformations
(3.2) Wi = WPy, W) = W+l

where & ,ﬁ, , d are integers wi’cho(cf—/ﬁ/ = 1, evidently form a group,
[ say. Putting T=%/w,, T'=Wl/w), this group [7 induces a group
Fof linear fractional substitutions ' = %. The mapping /' —» r
!is a homomorphism with a kernel of order 2: we have T = 3—%—% for allT
with Inm T >0, if and only if B = J =0, x=d = +1 or -1.

We call two numbers 7,7 ' in the upper halfplane equivalent, if and

only if there exists a relation

(3.3) ! = 3.:_% (X ,/3},,//, 5 integers with o (S\—ﬂ/;—. 1),

A fundamental region for the group / of transformations (3.3), operating
in the upper half of the T -plane, is obtained easily., Given a number T
chose W, ,W,, satisfying (3.1) and the relation T = W.]/LL)2 (e, g.
Wy =1, Wy =7T). Determine a basis W], wJ of the courresponding lattice
A\ by the following procedure:

1. chose &}, such that Iwz') is minimal,

2. thereafter, out of the set of numbers «J Y, generating together

with wé the lattice /\ , chose W) so as to satisfy
(3.4) -4 < Re(wi/w)) < 3.

‘The definition of w],ws$ is unique, unless we have lw]l =lwyl. In the+
_case, replacing wé, w; by Wy, -u)é (this being in fact an integral
i;unimodular transformation) if needed, we can fulfill the additiona.l re-



quirement

3. Re(wjy/wi) <L O.
The choice of W{sws is still ambiguous if Wy = iUJé or if W] =pw}
(}0=:—%+%ib/§, the point of intersection of ReT= -%,!Tl= 1), In the
first case we may replace W4, W] by W], -w} = 1wy (P,B-—>B,P,); both
choices lead to the same value T = i, In the second case we may replace
wi,wy by Wi, ~(wWi+wl) or vy -(w1'+wé),wé (P,A—> A,Ay or P,A—ADs
all three choices lead to the same value
T =70. We have the result: to each num-
ber T there corresponds exictly one
equivalent number in the region

(3.5) G: ~b<ReT<3, !'tl{?"' if Re T <0

R E P > 1 if Re 7 > 03
: ,/O Wa. notwithstanding for some T € G there
L/ exists a non-identical transformation L
Al of the form (3.3) with L(Z) =7 € G, name-
ly for 7 = i the transformation T ' = —,% and for TT=10'the transforma-~
tions 7' = ~-&Fl and 7' = -,Cl .

The region G is the required fundamental region; the transforms of G
by all possible transformations (3.3) cover the upper halfplane complete-~
ly end without overlappings (each image of i or/O occurring two and three
times respectively). If S and T are the transformations T' = -,% and ]
T' = T+1 respectively, then evidently the transforms of G by S, T, T
are the only neighbouring regions of G, We shall prove now that S,T ge-~
nerate the group r.

First we remark that the set of images of the points i and/O has no
points of accumulation above the real axis (if 770 were such a point,
then also the equivalent point in G), Hence we can join an arbitrary
given point 7 with Im T > O withrnthe equivalent point T ' in G by a path,
which avoids the images of i and/O , and which only passes through a
finite number of transformed regions. If a certain region is obtained
on applying to G a transformation V &€ 7;, then the three neighbouring
regions are found if we apply the transformations VS, VT, VT~1 on G.
Hence there exists a transformation, built up from the transformations
s, T, T-1, which transforms T ' into T, c.q. G into a region which con-
tains T .,

Summarizing we have found that the group 7;, consisting of the trans-
formations (3.3), has G, given by (3.5) for a fundamental region, and is
generated by the transformations =¢' = - ,-Z_-, ' =T+1, The group 7 is
called the modular group: the transformations (3.;) are called modular
transformations.

Definition. A modular function is a function f(z), which is not identi-
cal zero and which possesses the following properties. .
1. f(r) is regular for Im T > O, except for poles, '




2. f(T) is invariant for the modular transformationsy in particulax
f(¥) is a one-valued function g(r) of . r = e2vit = q2,

3. the function g(r) is regular or has a pole at r = 0, i.e.T = i
Definition. A modular form is a function f(T), which is not identiecal
zero and which possesses the following properties,

f(7) is regular for ImT > 0O, except for poles,
2'., there exists a real number -k, which is called the dimension of

f(7), such that for each modular transformation (3.3) we have

(3.6) (LY o (p7+8)¥ (o),

FTHE
i . . . 2mitT 2 1
mplying that f(7) is a one-valued function g(r) of r = e = q )

3', the function g(r) is regular or has a pole at r = 0, i.e, T = ioo.
Definition. A modular form f(T) is called an integral modular form, if

f(7) is regular for each T with Im T > 0, and if also g(r) is regular
for r = 0.

?

If £(7) is a modular form with dimension -k, then consider the func-
tion F(w,,Wy,) = oug £(z), where (W,,W, are non-vanishing complex
numbers with T = UJ.]/U)Q Tet X ,ﬁ J/ 8 be integers with ot S-ﬂdu_ 1.
Then on account of (3,6) we have

~k ., AT+p
F(o«ou1+pw2,/w1+§w2 (//w1+o°w ) f(ﬂu =) =
= (/wﬁﬁwz)‘k.(dum S)E £(7) = w3E £@) = Flwy, wy).
Hence the property 2! is equivalent with
2", the function 3@01,a)2) = ajgk f((U1/L02) is invariant for the
transformations (3.2).

Deflnltlon. If f(z) is a modular form of dimension -k, then F(w,,W,) =
~cuz f(L01/U)2) is also called a modular form of dimension -k.

Theorem 1. The dimension of a modular form is integral and even, If a
‘function f(r) satisfies 2' with even k for the transformations S and T,
and if moreover 1' and 3' hold, then f(Z) is a modular form of dimension
k.

Proof. Applylng (3.6) w1th/6 00=:0,<X =4 = -1, we obtain f(r) =

= (-1) f(r). Since f(r) is not identical zero, this implies that k is
even, This already proves the first part of the theorem.

Now let V be a modular transformation T' = E;%;Ef?. Then V is a fi-
nite product of factors S, T, T"1. To each transformation V, S, T, T -1
there correspond two transformations, say V7, S*, T*, (T'1)* respective~
ly, of the type (3.2) for the pair W,, wW,. Also V¥ is a product of fac-
tors ¥ T*, (T°1) . Now consider the function F(cu1,L02) =
= Q)Ek f(Luﬂ/Q)2 This function is invariant for the transformations
S*, T*i (77 )* by our assumptions, hence also for the transformation
v* So F(UJ1, 2) possesses the property 2". This proves the last part
of the theoremn.

1) For we have f(znbﬂ = f(r) for each integer}@.




Theorem 2. The functions szC) and h(t), defined in § 2 vy (2,16), (2.17),
are integral modular forms of dimensions ~4, =12 respectively, The quo-
tient

(3.7, 32) = {5,@)} {n@)}

is a modular function, which in the fundamental region G takes each value
in exactly one point.

The first part of the theorem follows from the relations (2.18),
(2.19) and theorem 1; the regularity finite T is immediate and the re-
gularity in r #Z O follows, since f2(f), h(t) are regular for 2 # O and
continuous for r —0,.

By the remark at the end of § 2 the function J(T) is regular for fi-
nite T . From (2.18), (2.19), (3.7) it follows that J(T) is a modular
function, Inspecting the formulae (2.1) or (2,9) - (2.12), we see, that
for T —ioco, i.e. r—> 0, the functions 7?60('{), 7}51 (7), Zﬁl’o('c‘) behave as
follows: N 1miT

Q%O(T)NL 2751 (T) ~1, 29’10(1)«»2014 = 2e% T°

24f,(T) ™~ 2, 256n(T) ~ 2°r, J(fc)wap-,%g—r-.

hence

So J(T) has a simple pole at T = 100, measured in the parameter r,
Let a be an arbitrary complex number £ J(i), J(/O). In view of
lim_J(T) = o we can chose a real number y > 1, such that we have
T-310

J(T) # a for InT > Y, i.e. Irl £ e 27 . Iet in the T -plane R = R(Y)

be a path, joining successively i, -/‘0— = $+31 V'3, 34V, —%+i>/ O 1

(Y haly along the unit-circle and the straight

’ lines Re T = 4%, Im T =Y, If R contains
some points T with J(Z) = a - since R con-

""/z“"éy‘

sists of pairwise equivalent segments and

y: 5=+ )/3 Since a £ J(i), J(0), such point always oc-
/’ AN cur in pairs of equivalent points - then in
/ — \ the neighbourhood of such "bad" points mo-

dify R by inserting pairs of equivalent

A

\
' i ; small circles avoiding these points., Now
we have J(T)-a £ O on R, whereas the number
N of zeros of J(r)-a, each zero being counted according to its multipli-

city, in the interior of R is given by

1 J"(T 1 /
N:m RJ-(,—g,-y_)_—ad’C=m Rdlog{J(’c)-a}e

Applying successively the substitutions 7! =T+1, T' = ~ l, T = 9277:1'(

we find for the different parts of this integral
~5+iy F+iY¥

i d log {J(’L’)-—a}i= —/5/ d log{J(T)—a},
/ i log {J(’Z‘)—a} - /d log{J(’l‘)-a},
)0

Y

4



~&+1iY
a 1og{ J(’L’)—a}: C/d log{g(r)—-a} ,

2miT

iy
where g(r) is defined by g(e ) = J(T) and where the last integral is
taken along the circle Ci:lrl= e~2TY in the negative sense, In view of the
simple pole of g(r) at r = O we get N = 1, Now let D,E be small circles
with radius & , surrounding/@ , 1 respectively, D, the part of D contain-
ed in G, E1 the part of E contained in G and D2 the reflection of I)1 in
the imaginary axis. Let a be equal to J(p) or J(i) and let J(r)-a pos-
sess a p-tuple zero at T =/O (hence also at T = -/5) and a g-tuple zero
at T = 1. Noting the angles of G at the points/O, i, -/5, we see (the
circles being described in the negative sense)

lim e g("z,('z)-za aT = -%q.

£—0 271 3

By the above method we find
1 1 J (T
N = _/d log {g(xr)~-a} + f aT
27ivg { } 271 D, +E,+D, “\T/"# ’

hence %—p-r%q+%p = 1=-N, If a = J(/O) . then we have p > 3 (sec below), so ps3,
qQ =0, N=03 if a = J(i), we find p = 0, ¢ = 2, N = 0. So we have found
that for each complex number a there exists exactly one point T € G with
J(T) = a. This proves the theorem,

If ’C‘o is the zero of J(T) in G, then on accoumt of

1@) = {5} { n@)}, nem) 4o

we see that ’Z’o is at least a triple zero of J(T). Regarding the last
part of the proof of theorem 2 and putting J(i) = b we may conclude:

(3.8) J(/O) =0, b =J(i) £ 0 /O is a triple zero of J(T);
i is a double zero of J(T)-b.
Since J(T)-b has only double zeros and h(T) has only a single zero &
T — i, the function WJ('C)-—b}h(T is regular for finite T (ImT > 0)
and also for 77— i . Moreover {J(’C)-—b}h(’r) ——am if T7— ioo. Hence the
function f (’l’), defined by 2)

(3.9) \/57 £4(7) = \/{3@)=0)n(r), £4(T) positive at T = 1w,

is determined uniquely. The function fg('t) is an integral modular form
of dimension -12., Describing the boundary of G from T = i onwards in
both directions, we see that f3(’t) has the same value in equivalent
roints of the boundary of G. Thus we find

(3.10) f3(’{:) is an integral modular form of dimension -6.

— s

2) In §4 we 'again shall find, in an independent way, an integral modular
form of dimension -6, which referring to the proof of theorems 3 and
4 can serve the same purpose as f3(’t).



Theorem 3, A modular function is a rational function of J(T).

Proof. Let J  be an arbitrary complex number, The function J(T) assumes
the value Jo in a set of equivalent points'ro. In gach of these points
7?0 the modular functionh f(T) has the same value, f(Jo) say. Then f(JO)
is determined_uniquely by Jo, whereas for each ‘to of the gbove set we
have f(Tb) = f(J(Z})). Thus f(z) is a one-valued function f(J) of J.

Now assume J_  # O, b, oo, Let T  be a point with J(T)) = J . In the
neighbourhood of’to, in virtue of theorem 2, we can igvert the function
J(T) into a regular function T =7T(J). Since we have f(J) = f(z(J)) and
£(7T) (or f%%T if T, is a pole of f(T)) is regular, we find that £(J),
c.q. w7, 1s regular at J . In the points 0, b, o the (arbitrarily clo-
sen) branches T (J) and f(r), hence also f(J) are continuous (or the
reciprocals of these functions, as the case may be)., We conclude, that
at each point of the J-plane, finite or infinite, the function ¥(J) or
its reciprocal is regular. Hence, by a well known result in the theory
of complex funetions, F(J) is a rational function, This proves the theo-
rem, |
Theorem 4, The integral modular forms of negative dimension -~k constitute
a W -dimensional linear set of functions, where V is given by

(3.11) Y =H%] if K= 2(mod 12); V= H{?] +1 if k%’Z(mod 12).

Proof. We know already that k is an even integer. The six functions
fZ”(T)f§~Cr) with L= 0,1 or 2 and A= 0 or 1, evidently are modular
forms of dimension 4}L+6A =0, -4, -6, =8, =10, =14, Multiplying a given
modular form f(T) of dimension -k with a suitable function fg"’(*c)f > (7)
we obtain a modular form of dimension -k, = -(k+%fb+6h) with k1EEO(mod 12).
Then the function

£(0)e (025 () {n(z

is a modular function, which is regular for finite T and which has a

)}" 1151%

{%k1—tuple pole at 7T = i (measured in the parameter r). Applying theorem
3 we find that this function is expressible as a polynomial in J(T) of
degree f%k1. Or, otherwise stated,

(3.12) @S ) () =) vy e (n)Ee),
where blm are constants and 1, m are non-negative integers with 41+6m =
= kq. By (3.7), (3.8) and theorem 2 we know

£o(0) =0, £,(3) £ 05
by (3.9), (3.10) and theorem 2 we see

£4(p) £0, f3(1) = 0.
Hence, if (4> 0, then the left hand member of (3.12) vanishes for T =0,
hence also the right hand member. So the only possible term in the right
hand member of (3,12) with 1 = O actually does not occur, i,e, this sum
contains a factor fz(Tﬁ; hence in (3.12) we can delete a factor fZCt),
Repeating the argument if f4> 1, or A >0 (in the last case with £5(7),
i instead of £,(T) ,/0), we find '



(3.13) 2D =) ey, f3(0)£5(0),

where Cqp aTe constants and 1, m are non-negative integers with 41+6m = k
This proves the theorem with a non-negative integer V , equal to the
number of solutions of the diophantine equation 41+6m = ki from the last
fact (3.12) is an eaéy consequence, In particular there does not exist
an integral modular form of dimension -2, whereas there exists essential-

ly one integral modular form of dimension -k, if k has one of the values
4, 6, 8, 10, 14,

4, A generating function for modular forms. Eisenstein series,

In the foregoing section the theory of elementary modular forms was
based upon the expressions (2.16), (2.17). However the connection between
theta functions and modular forms is not exhausted by the considerations
of § 3, Ve expand log’ﬂh(zl't) as a power series in g 3), starting from
the infinite product for 'ﬂ’“(z!f) (see (2.10)). We have

log'ﬂ;,](zh‘) = log 2 +7§Ti + '18' log v + log sin7z +

(0¢)
+Z{log(1_rn)+ 1og(1-rne27rlz)+ 108(1_rne-27712)} .
n=1

In view of

®
log sinTz = log7z ~ Zk : '1;5821{ 22K (0<lzl<ty o5 = — ...‘1?'_),
= © = n
log(1-rPe®™12)4 10g(1-rPe™?71Z) - _Z{%rmnBva1z+ %rme"zmwlz}z
ZOO (=1)E(2mz)k "‘”fo 2k-1_mn -
= 2kt =
we find 0
(4.1) log?/a' (z1) = - L (2#)2kc (’2‘,')22k+ logTTz (o<izl<1),
11 — 7 K

‘where co('l‘), ¢y (),... are soms functions of T , which for k> 2 are
given by 4)

ck(’l.“) = i—% + 4k’§%}€)75' Z mZk"1 o

g " m,n=1
(4.2) 2s ( k 2 ’ oh 2k~-1
2k - E T mit _ § -
= - + 4kT?E%- (h)e - (h) = m .
(277,) 2K ! =1 2k-1 ' 2k-1 mlh 1
zZ
Let us now apply the transformations z,7— z, T +1 and 2, T25 —F

to both members of (4.1). In view of (2.4) we find

(0.0)
= %:—O gg(?”)zk Ck(t+1)z2k+ logmz = log’ﬁ%(zl'(ﬂ) -

00

= £ i+ log ’ﬂh(zl’c) = $7i —Zk:';) 21}_-(2”)2]& ck(’c)z2k+ logm z,
i\3) Cf. B. VAN DER POL, On a non-linear partial differential equation sa-
: tisfied by the logarithm of the Jacobian theta-functions, with arithme
. tical applications,Proc.Kon.Ned.Akad.v.W. 54(1951), 261-284.

;4) The explicit form of the functions co(’l’), cq () is without ir;terest

. for our purposes.




hence, equating coefficients of zzk,

(4.3) ¢ (T+1) = ¢ (T) for k = 1,2,.., .
On the other hand (2.5) yields
@®

-—2 5 Q!E(Zﬁ)gk ck(- %—)(%)zk—? log7rz ~ logT #

= ldgﬂh(%l-«- :2-) = log ma-%—ﬁi +‘/Ti-;z-;- + lég?}h(zlt) e
' 00

= log V -it «3mi +7Ti-Z; -Z;——:O gE(ZTI)Zk ck(f)22k+ log7 z,
hence -
(4.4) o (- 1) =7

Resuming we have the following result.

For k>2 the functions ckCr) given by (4.2), are integral modular forms
of dimension -2k, whereas log?9§1(sz) is a generating function for these
forms
Theorem 5. The follow1ng relations exist between the functions c2(TO,
c3(T), £,(), £5(7), n(7)

%(4,6) f2¢t) = 60c,(7), f3(t) = 140c4(7),

2k ck(fﬁ for k = 2,3,... .

. fg(r)-27f§(r) =h(T), 1.e. b=4J() =

Proof. By (2.18) and (4.5) both functions fzér), CQ(T) are integral modu-
lar forms of dimension -4, By theorem 4 there is essentially one integral
‘modular form of dimension -4, so we have f20t) _l<02(17 w1th a certain
constant ¥ . Regarding the behaviour for T — ico we find T? L(Zs (2m) 4,
hence on account of

(- 1)k+1 ?T?%TT(zw)ZK B (k = 2,3,.04),

il

Sox = 2k

B ="3‘6, B6='£'§', coe

we get Ik = 4? % 90.24 = 60, Arguing the same way we find fBGt) = k'c30t)

with a certain constant i '. On account of (3.9) we have .

‘f3CT)fw'x;§a. vq%éé': 273,373 fort— 100, nence 273,373 = 41,25, (2m)7C =
}: 2 ?-B*_? k' = 140, So the relations (4.6) are proved.

57 (3.7), (3.9) me nave bh(t) = £3()-27£5(2). By (4.2) and (4.6) we

Thave v
(4.8) 50 = g a20 L Ty, 1500 = gy - §2_ opmt,

Hence

3 2, v 1 1 1 17
fg(’¢')~27f3(f) = (72'3 “27‘5’1"6’2)+(3';f2’2-20"‘27'2'2’[‘6'5)“'"’\’r°

In the two-dimensional set of integral modular forms of dimension =12
there occurs exactly one function, which vanishes at T = i and more-
over behaves as r (cf. theorem 4). Both members of the relation (4.7)
‘have this property, so they are equal,




Formula (1.3) now easily can be'proved. Consider the so calléd

Eisenstein series Gk, defined by

(4.9) G (Wq,W,) =) (nwymwy) ™ (k= 2,3,...),

where 0)1,a)2 satisfy (1.1) and where the summation is extended over
all integral pairs m,n # 0,0. The well known connection with the series
ckﬁt)g defined by (4.2), can be deduced as follows, Differentiating the
first and the last member of the relation

co
1 - - ; . 2nrix
< +2——-—(x+n = n) =77 cotTTx = =7i(1+2 ; e )

2k=1 times with respect to x, one finds

® fos)
-2k 1 <\ 2K 2k~1 2nmix
Z (x+n) = Tg——ry—(Qﬂl) z n e
k=11 n=1 ’

n=-00

hence, putting x = mT and summing over m,
©

k .
-1 2k 2hmit
i BORE RIS PN
Thus we obtain, in view of «J /Cdz =T,
(U)1,L<) ) _w"Zk[ Zn 2k+22:: Z:_ (m’c+n)"2k] =
m=1 N==0
2s .
_ (2T \2k 2k -1) 2h71T]
= (wz) [(2” 5% + 4k%?k-’—r>—__ <. 1(h)e )
hence
(4.10) G Wy, Wy) = (%K ¢ (1),

Putting g, = 60G,, & = 140G, A= gg—27g§, by (4.10), (4.6), (2.16),
(3.9), (4,7), (2.17), (2,20) we obtain

gy, ) = (D) *2y(0) = QJZ(%)A‘{?}%O(T)M?%,(’c)+”o'4§o(’c)},
2

gy (W, Wy) = Q"&% 52, (1),

Alwy,wy) = ED'E nm) = G0 77(1 )24,

Theorem 4, applied in the proof of theorem 5, is a source of many
other relations between modular forms, For instance each function ckCT)
can be expressed as a polynomial in 02(17, c3(Tﬁ, the coefficients can
be determined in a finite number of steps by using the expansions (4.2)
and equating a suitable number of coefficients., In view of the nature of
the series (4.2) this gives rise to many relations between divisor func-
tions. VAN DER POL in the paper cited above used a certain non-linear
partial differential equation for 1oga3h@ﬁt? to establish other relations.
Examples.

L. =80T 9, ()t (1) =
‘If the left hand member were not identical zero, then on account of
;(2.16), (2.17) it should be an integral modular form of dimension -2, non



%}identical zero. Since no such form exists, the above relation is esta-
‘blished.

2k
II.  Putting cp(c) = % (D) (k= 2,3,...),

we have

1}

@®
1-504 %; O (n)e?AT

®
1~262§ Ug(h)e'?hmf i
=1
on account of (4.6), (4.8), (4.2) and (277)"8288 - B}T By = B'%U’
g‘g‘ _ ‘ . N
@2:7) 102810 = Té—,- Bip = T%T‘gb' Since there is essen;;ially only one inte-~
%ral modular form of dimension -10, we may conclude °)
o5(T) = c}(x).cj).

(09}
e(T) = 14240 ; 0y (n) 2T, e} (@)

H

@
c’:('r) = 1+4BOZ: 0‘7(h)92hvir, c;(’c)
‘ h=1

"

emiT for T —iom and

c;_"(’z') cZ(T)—{c?(T}}Zm. (720+1008)e2"ir = 1728627
3)
* * * 2
1728n(T) = cz(r)c4(T)—{c3('c)} .
Iv, To give a somewhat different example I prove in a simple way

%the well known formula

111, In virtue of h(T)~ e

?

Wwe have

0

n
(4.11) 29’%0(1?) = 1+477 —— sin -‘3;—7-

.

(

i n=1 1-q
E@onsider the two functions 79’,;1(z|z‘) 79'01(Z|T)—79761(Z'T)7.9?”(Zl’£') and
vifﬁgo(zlf)ﬁo(zl’(), the accent denoting differentiation with respect to z.

eflecting the formulae

F (z411T) = (18 D, (z10),

Fop (24371T) = q’ie"w%z 1 n(21T),
i (eeeln) = a e [T g, (k) - By i)
By (2+371T) = o R i98 (al)+ By, (2l2)]

vye see that both functions are multiplied by -1 and q-%e'gnm, if we ap-
oly the substitutions z — z+1 and z—> z+37T respectively. Inspection of
the proof of (4.2) shows that we have the following Fourier expansion

791.}1(zl’l:)
W = 'Ed'i log#:i,](ZiT) =

®
d [ i } 1 2mn, 27izm —Zrizmkl.
= log sin77z - g™ (e ‘e )i o=
az n,m=1 o i
4.12) © | |
=cotz=-2771 E q2mn(82m7715__e—2m7712) _
n,n=1
o 2m
=77 cotmm Z+47TZ __g...Tm. sin 2m7r z,
m=1 1-q

nd in the same way

2% (2]T) Q. .
00 d ‘ 2n-1 2miz, | 2n-1 <2miz ;
--_--(_—_MOO AR - {log(‘l+q e Y+log(1+q e )

Ed



- 17 =

00 ‘
m . .
- - dz E (=1) qm(2n—‘l ) (62m7712+e~2m7712) -

(4.13)

n,m=
0 m
= 4772 : ;(-'19%5 gin 2m77 z,
. = -q_

Now the zeros of ’Zﬂ’oo(z”t) ?ﬁo(zh‘) are given by the points z, which
are congruent with %4 modulo 1, 37T, Moreover, by (4.12) and (4.13) the
point z = 4 is a zero of 7971'1(211') ?}51(.2!?)-79'61(2]?) ’)}.‘l’.[(zlt). We may
conclude that the gquotient of the two functions is a double periodic
function without poles, hence a constant, By (2.9), etc, we find

P14 (alt) 24 (217)- B, (21T) U3, (21T)
7}00(2!1‘) 1}10(211)
11 (217) 5, (21) ]
LB 00 (BIT) FplzlT) 1, ,
7 ﬁil‘ﬂ;l% i, (%)
= /7T i = 77 i T).
n=1 (1-—-q I’l) 01
Applying the substitution ©— 7+1 and using (2.4) +this becomes
V11 (217) P (217) - By (217) 34 (212)
7}’01(5'7) ’19‘11(237)
In this formula take z = 2. On account of ’1//160(%;11') = 7}61(%|t),
’ﬂ'.’”(%;,’f) = i?ﬁ.’lo(%—lr) and the relations (4.12), (4.13) we finally obta’

: ﬁoo(%lr)ﬂh(%lr){yﬂh(%m 7%0&1@}

2 -
P00 = 1 o T | Fy F Foo Z1T)

(9]
1 ( Vs Z‘T em_(_oym 7
—-7—7‘\7700131-4' 4—7Tm= ET.;?%)— sin %—}:

00

}

Q0
s (1_q2n)2(1_q2n 1)2

= T15,(T).

00

2m, m m
= 1+ + . m 7w = 1 9 . m 77
4 mz ~ 9—1::{-%5 sin 5 + 2m=1 1-qm sin """"2 .

This proves the formula (4.11),
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